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Introduction 

With the recent arise of some kinds of weak algebraic structures, and more specifically of weak 
Hopf algebras, several important concepts in the theory of Hopf algebras had to be adapted to 
this new context. In particular, none of the crossed product type structures in the Hopf algebra 
setting is suitable for the weak setting, because of the lack of some properties of the units and the 
^ counits. The purpose of this paper is to obtain a general and appropriate framework to develop 

all types of crossed products, crossed coproducts and crossed biproducts (i.e., weak bialgebras 
given as crossed products and coproducts) in the weak setting, that moreover generalizes the 
classical crossed product algebraic structures like crossed product algebras, bicrossproducts or 
cross product bialgebras among others. In particular, we are interested in the crossed biproduct 
structure that arises from a weak bialgebra with a weak projection. 

Crossed products appear as a generalization of semi-direct products of groups to the context 
of Hopf algebras (23j [TT], and were also used to study cleft extensions and Galois extensions of 
Hopf algebras [10J [H] . In [14] Brzezihski gave a categorical approach that generalizes several 
types of crossed products, even the ones given for braided Hopf algebras by Majid [22J. As 
Hopf algebras have a coalgebra structure, it is easy to obtain a theory of crossed coproducts 
in similar terms. Crossed products and crossed coproducts can be combined to obtain a Hopf 
algebra structure given in such terms. The first examples of crossed biproducts arise in the 
study of Hopf algebras related to matched pairs of groups [29] and the study of cohomology 
and exact sequences [28J. Those first examples suffered further generalizations to more and 
more general contexts, that are summarized using a categorical approach given by Bespalov 
and Drabant [8j [9], that moreover, when it is only considered in its algebra version, recovers 
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classical crossed products [TTJ [THJ [20j ETJ [22] . Bespalov and Drabant define a general bialgebra 
structure, a cross product bialgebra, by means of a crossed product without the explicict use of 
a cocycle and a crossed coproduct without the explicit use of a cycle. They furthermore obtain 
some universal properties that characterize cross product bialgebras, and hence its categorical 
meaning is completely understood. Their general framework unifies all known non weak crossed 
biproduct type constructions in a single setting, like the Drinfeld's quantum double, Radford's 
4-parameter Hopf algebra, the quantum Poincare group, the quantum Weyl group, Lusztig's 
construction of the quantum enveloping algebra, the affine quantum groups U q (g), the Connes- 
Moscovici Hopf algebra, etc. Moreover, it provides more new and interesting examples of cross 
product bialgebras in braided contexts. 

A relevant example of a crossed biproduct arises from Hopf algebras with a projection. Con- 
sider a bialgebra D and a Hopf algebra B such that / : B — > D and g : D — > B are morphisms 
of bialgebras that satisfy g o / = ids- In [25] Radford shows that D can be recovered as a 
crossed biproduct whose algebra and coalgebra structures are given by the smash product and 
the cosmash coproduct respectively (see [22] for the braided setting). If the hypothesis on g are 
relaxed in an appropriate way we still obtain the algebra D as a crossed biproduct structure, 
and although the algebra is not an smash product, the coalgebra is still an smash coproduct. 
Suppose that g is no longer a morphism of bialgebras but it is a morphism of coalgebras that is 
also a morphism of right S-modules, that is, j o (i D o (D /) = fj, B o (g (g) B) for /xg and /ip 
the product on B and D respectively. In this case we say that D has a weak projection onto B. 
For example, quantized enveloping algebras have a weak projection, and also finite dimensional 
pointed Hopf algebras have a weak projection onto its coradical. Working in a category of vector 
spaces, Schauenburg analizes this situation in [27j and obtains that, if D and B are bialgebras, D 
is obtained as a bicrossproduct type structure. As expected, the coalgebra structure is a cosmash 
coproduct. The braided version was studied by Ardizzoni, Menini and Stefan in [7]. In this case 
they use the categorical approach given by Bespalov and Drabant in [8j[9]. 

Although the notions and the results cited below are useful tools to study relevant examples in 
the Hopf algebra world, they are not general enough to solve analogous problems in the weak Hopf 
algebra case. Weak Hopf algebras (or quantum groupoids) were recently introduced by Bohm, 
Nill and Szlachanyi in [T2] . Recall that although a weak Hopf algebra has a multiplication and a 
comultiplication that are compatible like in the non weak case, the unit is not comultiplicative (or, 
equivalently, the counit is not multiplicative). However, there still exists a relation between the 
unit and the comultiplication of the weak Hopf algebra (and of the counit and the multiplication), 
that reveal the existence of some idempotent morphisms which in the non weak context become 
trivial. As a consequence, when one tries to extend crossed product constructions to the weak 
setting one finds that idempotent morphisms arise in a very natural way. The use of idempotents 
combined with the ideas in [14] are the key to introduce a general theory of weak crossed products. 
In [4] we define a product on A <g) V, for an algebra A and an object V both living in a strict 
monoidal category C where every idempotent splits. To obtain that product we consider two 
morphisms ipy '■ V ® A — > A (g> V and (Jy :V ®V — > A®V that must satisfy some twisted-like 
and cocycle-like conditions. Associated to these morphisms we define an idempotent V a®v '■ 
A <g> V — > A ® V, that becomes the identity in the non weak case. The image of this idempotent 
inherits the associative product from A ® V. In order to define a unit for Im(V a®v), and 
hence to obtain an algebra structure, we require the existence of a morphism r]y : K — > V 
satisfying certain properties. Unfortunately, this condition turned out to be restrictive, even in 
some natural examples as the crossed product induced by a weak cleft extension (see [1]). Hence 
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in [17] we changed this hypothesis by the existence of a preunit v : K — > A ®V . A preunit 
on a non unitary associative algebra B is a morphism v : K — » B that, very roughly speaking, 
is commutative and idempotent with respect to the product in B. Due to these particularities 
it is possible to define a natural idempotent V : B — > B, that, in our case, is the morphism 
Va®v- Moreover, the preunit induces a unit for Im(V a®v), so it is an algebra as in the case 
studied in [4]. Using, like in [4], morphisms ipy and ay it is possible to characterize weak crossed 
products with a preunit as products on A <g) V that are morphisms of left A-modules and that 
have a preunit. Finally, it is convenient to observe that, if the preunit is a unit, the idempotent 
becomes the identity and we recover the classical examples of the non weak setting. The theory 
presented in [H [17] contains as a particular case the one developed by Brzezihski in [14]. There 
are many other examples of this theory like the weak smash product given by Caenepeel and 
De Groot in [15], the theory of wreath products that we can find in [18] and the weak crossed 
products for weak bialgebras given in [26]. Recently, G. Bohm showed in [13] that a monad in 
the weak version of the Lack and Street's 2-category of monads in a 2-category is identical to a 
crossed product system in the sense of [4]. 

Now the next natural step is to explore bicrossed product type structures in the weak context, 
that is, to combine the theory of crossed products given in [U [T7] with its dual and obtain 
a general framework to deal with weak bialgebras coming from crossed products and crossed 
coproducts. A first example of the existence of a weak crossed biproduct appears in [2], where 
Radford's theory for Hopf algebras with projection is given for weak Hopf algebras. Again, as 
expected, the crossed product structure and the crossed coproduct structure obtained are smash- 
like ones, but in a weak context. Based in this example and in the work by Schauenburg [27] 
and Ardizzoni, Menini and Stefan [7], it seems natural to obtain also a weak crossed biproduct 
structure that arises from a weak projection of weak bialgebras. We find an example of this 
situation in the theory of (finite) groupoids. Using the terminology and the results introduced 
by Mackenzie in [19], an exact factorization of a groupoid G is a kind of semidirect product of 
two subgroupoids V and H that must satisfy certain conditions. Equivalently, G is a vacant 
double groupoid or V and H are a matched pair of groupoids. These kind of groupoids were 
recently used by Andruskiewitsch and Natale [5j [6] to obtain a new class of weak Hopf algebras. 
If we consider the weak Hopf algebras associated to the groupoid algebras RG, RV and RH, for 
R a commutative ring with unit, it turns out that RG has a strictly weak projection onto RV, 
that is, the morphism between RG and RV is of right RV modules but it is not of algebras. 

Inspired by the examples mentioned above, this paper is devoted to obtain a general theory 
of weak crossed biproducts. In the first section we present some basic facts about weak crossed 
products and coproducts, using the previous theory introduced in [4j [17]. Moreover we find 
that weak crossed products and coproducts are universal constructions that generalize results 
of Bespalov and Drabant [9]. In section 2 we use the results developed in section 1 to obtain 
a weak crossed biproduct structure on A g> C, for an algebra A and a coalgebra C living in 
a braided monoidal category. We define a weak crossed biproduct as a weak bialgebra whose 
algebra structure comes from a weak crossed product on A <g> C and whose coalgebra structure 
comes from a weak crossed coproduct on A <g> C. These two structures are glued together by 
considering that the respective idempotent morphisms are the same. In the main result of this 
section, Theorem 12.31 we find, using an universal construction, which conditions must satisfy a 
weak bialgebra to be obtained as a weak crossed biproduct. Section 3 is devoted to the study 
of weak bialgebras with a weak projection in a braided monoidal category. Here we obtain that 
a weak bialgebra with a weak projection satisfies the universal properties given in Theorem 
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12.31 and, as a consequence, it is recovered as a weak crossed biproduct whose coproduct is a 
cosmash like construction. The mentioned result recovers, as a particular instances, the ones 
given by Schauenburg [27] and by Ardizzoni, Menini and Stefan [7J. Finally, in this last section 
we compute explicitly the weak crossed biproduct associated to a groupoid that admits an exact 
factorization. 

Throughout the paper C denotes a strict monoidal category with tensor product <g and base 
object K. Given objects A, B, D and a morphism / : B — > D, we write A ® / for id a <8> / 
and / ® A for / ® id a- Also we assume that all idempotent splits, i.e., for every morphism 
Vy : Y — > Y, such that Vy = Vy o Vy, there exist an object Z and morphisms iy '■ Z — > y 
and py : y — » Z satisfying Vy = iy o p Y and py o iy = id^. 

As for prerequisites, the reader is expected to be familiar with the notions of algebra (monoid), 
coalgebra (comonoid), module and comodule in the monoidal setting. Given an algebra A and a 
coalgebra C, we let ija ■ K — ► A, ha ■ A (g) A — > A, ££> : D — > if, and 5d '■ D ^ D ® D denote 
the unity, the product, the counity, and the coproduct respectively. Also, if A, B are algebras, 
/ : A — > B is an algebra morphism if / o tja = r]B and / o ha = hb o (/ ® /). In a dual form 
we have the notion of coalgebra morphism and, if A is an algebra and D is a coalgebra, for two 
morphism f,g:D^A, the symbol A denotes the usual convolution product in the category C, 
i.e., / A g = HA ° (/ ® g) ° $ D . 

In this paper, for an algebra A and a coalgebra C, the triple (A, C, iPrr) denotes a right-right 
weak entwining structure, and therefore the following identies hold: 

^rr ° (C <g> /m) = (MA ® C) ° ( A ® ta) ° (ta ® A), (1) 
(A (8) 5c) o Vi?/? = (te ® C) (C ® te) ° (<Jc ® A) , (2) 
V'Rfl (C ® »7a) = (ei?ij ® C) o 8c, (3) 
(A<g£ C ) °i>RR = HA ° (e^ <g A), (4) 
where ejyj = (A <g> ec) o i/jrr o (C (g> 77^). We denote by -M^'(V'.rr) the category of weak entwined 
modules, i.e., an object M in C together with two morphisms (pM : M A ^ A and pu ■ M — > 
M ®C such that (M, c/>m) is a right ^-module, (M, pjvf) is a right C-comodule and 

PM ° <t>M = (4>M <&C)o(M® 1p RR ) o (p M (g A). (5) 

The morphisms in M^iPrr) are the obvious, i.e., morphisms of right ^-modules and right 
C-comodules. 

1. Weak crossed products and coproducts 

In this section we develop the general theory of weak crossed products in a monoidal cateory 
C. In order to make this paper as self-contained as possible, we recall some results given in [17] 
that will be used to obtain further characterizations of weak crossed products and weak crossed 
coproducts. 

Let A be an algebra and V be an object in C. Suppose that there exists a morphism ijjy : 
V <8> A — > A g) V such that the following equality holds 

(HA ®V)o(A® 1$) o (ip v <g> A) = ip v o (V (g ha)- (6) 

As a consequence of j6|) , the morphism Va® v '■ A (g V — > A <g> V denned by 

V A ®v = (ha ® V) o (A (g Vy) o (A (g V (g t?a) (7) 
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is idempotent. Moreover, V ' a®v satisfies that 

Va®V ° (HA ®V) = (fJ-A ®V)o(A® Vacsjv), 

that is, Va®v is a left ^4-module morphism (see Lemma 3.1 of [17]) where the action is tfA®v = 
HA ® V . 

Prom now on we consider quadruples (A,V, tfty , ay) where A is an algebra, V an object, tpy 
satisfies ([6j) and ay : V ® V — > A® V is a morphism in C. For the idempotent morphism V a®v 
defined in we denote by A x V the image of Va®i/, and by iA<g,v : A x V —>■ A <3 V and 
PA®v A®V ^ A x V the injection and the projection associated to V ' a®v- 

We say that (A, V,ipy , ay) satisfies the twisted condition if 

{HA ® V) o (A ® i$) o (ay- ®A) = (ha ® V) o (A ® <r$) o ® V) o (V ® Vy)- (8) 
and the cocycle condition holds if 

(HA ®V)o(A® a$) o (a$ ®V) = (ha ®V)o(A® a§) o (V>y ® V) o (V ® <r^). (9) 

By virtue of ((SJ) and j9|) we will consider from now on, and without loss of generality, that 

Va<x>v ° cry = ay (10) 

holds for all quadruples (A,V,ipy,ay) ( see Proposition 3.7 of |17j). 
For (A,V,i/jy,ay) define the product 

Ha®v = (ha ®V)o (ha ® a-y) o (A®ij)y ®V) (11) 

and let HAxV be the product 

HAxV = PA®V HA®V ° (iA®V ® iA<g>v)- (12) 

As a consequence of the twisted and the cocycle conditions, the product HA®V is associative and 
normalized with respect to V a®v (i-e. Va®v o ha®v = /M®y = HA®V (Va®v ® Va®v))- Due 
to this normality condition, /iAxV is associative as well (Propostion 3.7 of [32]). Hence we define: 

Definition 1.1. If (A, V, ipy, ay) satisfies (JSj) and (J9]) we say that (A®V, ha®v) is a weak crossed 
product. 

Our next aim is to endow Ax V with a unit, and hence with an algebra structure. As A x V 
is given as an image of an idempotent, it seems reasonable to use a preunit on A ® V to obtain 
a unit on A x V. In general, if A is an algebra, V an object in C and niA®v is an associative 
product defined in A ® V a preunit v : K — > A ® V is a morphism satisfying 

TiA(g)V o (^4 <g) y <g> z;) = mA®y o (i/ (8) A ® V) = m A ®v ° {A ® V ® (mA®y ° (i/ ® i/))). (13) 

Associated to a preunit we obtain an idempotent morphism V^y = rriA®v ° (A ®V (3 v) : 
A ® V — > A ® V . Take A x V the image of this idempotent, Pa®v ^ ne projection and V%^y the 
injection. It is possible to endow A x V with an algebra structure whose product is 

rriAxV = Pa®v ° ™A®y ° (*A®y ® *A®y) 

and whose unit is rjAxV = Pa®v ° u ( see Proposition 2.5 of [32]). If moreover, /XA®y is left 
^4-linear for the actions (fA®V = HA ® V , y>A®yig>A®y = y>A®V ® A ® V and normalized with 
respect to V^y, the morphism 

Pv : A -> 4 ® V, A, = (ha ® V) o ® i/) (14) 

is multiplicative and left A-linear for ^a = HA- 
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Although (3 U is not an algebra morphism, because A V is not an algebra, we have that 
0v ° VA = v, and thus the morphism (3 U = p A ^ v o (3 U : A ^> A x V is axi algebra morphism. 

In light of the considerations made in the last paragraph, and using the twisted and the cocycle 
conditions, we characterize weak crossed products with a preunit, and moreover we obtain an 
algebra structure on A x V (see |17j). 

Theorem 1.2. Let A be an algebra, V an object and m A ®y '■ A <8> V <8> A ® V -> 4®^ a 
morphism of left A-modules for the actions (fA®v = pa ® V, (PA®v®A®v = <PA®v ® A ® V . 
Then the following statements are equivalent: 

(i) The product mA®v is associative with preunit v and normalized with respect to V A( ^ V . 

(ii) There exist morphisms ipy : V <3 A ^ A ®V , ay :V ®V ^> A®V and v : k -» A ® V 
such that if ha®v is the product defined in (fTTI) . the pair (A® V, ^a®v) is a weak crossed 
product with mA®v = ^A®y satisfying: 

(p A <S>V) o (A<g> a^) o <gi V) o (V i/) = V A8 v o (r/ A ® V), (15) 
(/M ®^)°(4® oy) o (v ® V) = V A ®y o (r/ A <g> V), (16) 
(/i A ® V) o (A <g> ^) o (i/ <g> A) = fl,, (17) 

where f3 v is the morphism defined in (jT4|) . In this case ^ is a preunit for /x A ®y, the idempotent 
morphism of the weak crossed product V a®v is the idempotent V^y, and we say that the pair 
(A <g> V, // A ®y) is a weak crossed product with preunit v. 

As a corollary of Theorem 11.21 we obtain: 

Corollary 1.3. If (A <g> V,pa®v) is a weak crossed product with preunit v, then A x V is an 
algebra with the product defined in (fT2l) and unit rjAxV = PA®v f< 

In the rest of the section we obtain some new results about weak crossed products. The 
following theorem gives necessary and sufficient conditions for an algebra B to be isomorphic to 
the algebra derived from a weak crossed product with preunit. 

Theorem 1.4. Let B be an algebra in C. Then the following are equivalent: 

(i) There exist a weak crossed product (A (g> V, /it A ®y) with preunit v and an isomorphism 
of algebras to : A x V — > B. 

(ii) There exist an algebra A, an object V, morphisms 

i A : A^ B, iy : V -> B, V A ®y ■ A<g>V -> A <g) V, w:4x7->B 

such that %a is an algebra morphism, V A( gy is an idempotent morphism of left A-modules 
for the action y>A®V = /i A ® V and u is an isomorphism such that 

w o p A(8) y = \ib° (iA ® iy) 

where A x V is the image of V A ®y and p A <giy is the associated projection. 

(iii) There exist an algebra A, an object V and morphisms i A '■ A — > : V — > -B and 
a) : S — > A <8) V that satisfy: 

(in A) %a is a morphism of algebras. 

(iii-2) Co is a morphism of left A-modules for ips = fJ-B {}A ® B) and (Pa®v = ^a®V ■ 
(iii-3) [is ° (^A ® ^y) ° cj = mZb- 
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Proof: 

First we prove (i) =>■ (ii). Suppose that (A ® V, MA®y) is a weak crossed product with preunit 
v : K -> A ® V. Define i A ■ A -> £ by 

ZA = w o yu®y ° Pu ■ A — > 5 (18) 

where p^giy is the projection associated to the idempotent and (3 U the morphism defined in (fl4l) . 
As in this case pA®y = Va®v^ then pAgiV A> = A/ is a morphism of algebras, and thus «a is a 
morphism of algebras. 
Define iy : V — > B by 

iv = o> opa®V ° (?7A ® V"). (19) 

Then, u ° Pa®v = MB (*A ® iy) holds if and only if p Ax v = ^ 1 ° MB ° (m ® iy)- This last 
equality follows by: 

UJ^ 1 O fl B O (f^ (g iy) 

= PA®y o ^^.y o ((VA®y ° A,) ® (V^®y ° (?7A ® V)) 

= PA®y ° MA«>y ° (A, ® »7A ® V) 

= PAcgiy ° (ma 8) V) o (A ® cr$) o ((V A ® V ° AO ® V) 

= PA®v ° (ma ® V) o (i4 <g o#) o (A, V) 

= PA®v ° (ma ® V) o (4 (8) ®V)o(A® a§) o{v® V))) 

= PA®v ° (MA ® V") o (A ® (Va®v o (t] A ® V))) 

= PA®y ° VAig.y 

The first equality is consequence of the condition of algebra morphism for u and the definition 
of MAxy, the second one of the normalized character of pa®v, the third one of (fTTI) . the fourth 
one of (fTTI) . the fifth one of the associativity of //a, the sixth one of (fT6j) . the seventh one of the 
left ^-module condition for the idempotent and finally the eighth one of the properties of ia®V 
and pa®v- 

The proof for (ii)=>(i) is the following: Suppose now that the conditions of the second state- 
ment are fulfilled, and define the product 

MAxy = u^ 1 ° MB ° {oo ® uj). (20) 

that induces an algebra structure onixF with unit rjAxV = UJ ^ 1 ° Vb, and forces lo to be an 
isomorphism of algebras. Moreover we can define on A ® V the multiplication given by 

MA®y = %a®v MAxy ° (pa®v ® PA<g>y)- (21) 

Now to complete the proof, it is enough to check that (A ® V, MA®y) is under the assumptions 
of (i) of Theorem ll.2l so we can assure that (A®V, pa®v) is induced by a weak crossed product 
with preunit. First observe that MA®y is associative for being (|20l) associative, and moreover, 
as a consequence of the properties of ia®V and p A ®v the product is normalized with respect to 
V A ®v- To define a preunit on (A ® V,/j,a®v) consider 

v = i A ®v ° VAxV ■ K — > A®V. 

This morphism is a preunit for (A (g V, MA®v) as, on the one hand MA®y ° (-4 ® V ® J/) = 
MAigiy o (^ ® j4 ® V) and on the other hand MA<giy o (u <8> u) = v. It is easy to check that 



V^®y = MA®v (-4 ® F ® v). 



(22) 
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Hence V A(gl y = VA®y, and thus //A®y is normalized with respect to V^y. To finish the proof 
it just remain to check that (1a®v is a morphism of left A-modules. In order to obtain this result 
note that, as %a is an algebra morphism: 

\*>A®v ° ((u®y ° u' 1 o i A ) <g A <g V) = V A ®v (ma ® V"). (23) 

Then, if </?A®y and V'A^yigiAigiy are the actions used in Theorem 11.21 we have 

MA®y ¥A®V®A®V 

= U®y ° o {xb ° {{HB ° (M <8> *v) ° ^A®y o (p, A (g V)) <g (/Us o («a (g) iy) o VA®y)) 

= U®y ° w" 1 o (j, B o ((hb o(i A ®i v )o (fi A ®V)o(A<g) Va®v)) 18) (mb ° (*A <8> «y ) ° VA®y)) 

= ^®y ° ° Mb ° (m 18) (mb O (w ® w) O (pA<g>y (g) paov))) 

= U®y ° ° MB ° ((w ° o j A ) (g) (cj o /i Ax y o <8> PA®y))) 

= U®y ° /"Ax v ° ((w^ 1 o i A ) (g (/i^xy ° {pa®v <8> PA®y))) 

= MA®y ° ((u®y ° ° u) ® MA®y) 

= Va^v o ig V) o (A (g /xA®y) 

= (/ia <8> V) o (A (g (Va 8 v o /XA®y)) 

= (/iA (g F) o (A (g /u®y) 

= ¥>A®y o <g //A®y)- 

The first equality follows by definition, the second one by the left ^4-module condition for 
V^v, the third one by the associativity of fis and the condition of algebra morphism of i A , the 
fourth and the fifth ones by ([20]) . the sixth one by (ED), the seventh one by ([23j) . the eighth one 
by the left ^4-module condition for V^®y, the ninth one by the normal condition and finally, the 
tenth one by definition. 

Therefore, Theorem 11.21 assures that V,//a®v) is a weak crossed with preunit v and this 
finishes the proof of (ii)=>(i). 

To prove (i)=>(iii) define i A and iy as in (i)=>(ii) and put cu = i^ow -1 : B — » A®V, Then, 

Mb ° {iA ® iv) & = w o pA®y «A®y ° = ids- 
and u> is a morphism of left ^4-modules because: 

U) o (fi B 

= U®y ° w^ 1 ° Mb ° (iA <8> B) 

= «A<gy ° /tuxv ° ((w _1 o i A ) (g 

= «A®y ° MAxy ((PA®y ° Pv) ® 

= MA®y ° (A, <8> («A®y ° w -1 )) 

= (/ia 18) V) o (^4 (g (/UA®y o (i/ (g (iA®y ° 

= ^A®y o (^4 <g cj) 

where the first equality follows by the definition of u, the second one is consequence of being 
lo^ 1 of algebras, the third one follows by the definition of i A) the fourth one by the definition 
of MAxy, by the normality of ha®v, and by VA®y ° Pv = Pu, the fifth one is consequence of 
being /iA®y of left ^4-modules and the last one is consequence of being VA®y = V^y an< ^ 
VA®y ° «A®y = «A®y- 

Finally, we prove (iii)=>(i). Now we have a morphism of algebras %a '■ A — > B and a morphism 
iy :V —> B such that there exists Co : B — > A®V of left ^4-modules that satisfies [iB°(i A®iv)°^ = 
ids- It is clear that 

Q, = lj o fi B ° (u (8) iv) ■ A <g> V —> A ig V 
is an idempotent morphism such that 
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= UJ O fJ, B O (i A (g (jjL B O (l A (g i v ))) 
= UJ O H B O ((fl B o (i A (g (g iy) 

= WO/1 B O (g iy) 

= o 

and then is a morphism of left ^4-modules. 

Define the product ^a®v : A®V ® A®V -> A®V hy 

where uj = fi B o (i A (gi iy). As w o u> = id Bl and as «a is of algebras, this product is associative, 
of left A-modules and with preunit u = uj o rjB- It is also easy to check that Q = and 
o ^A®v = L*-A®v = MA®V ° ® that is, MA®V is normalized. Hence we are under the 
conditions of Theorem ll.2l and (A®V, MA®v) is a weak crossed product with preunit v, associated 
idempotent morphism Va^f = A x V the image of the idempotent and pa®v and %a®V the 
projection and the injection respectively. 

Put uj = uj o %a®v '■ A xV — > B. Then, uj is an isomorphism with inverse uj~ x = pa®v & and 
the following diagram is commutative 



A®V 




A®V 



Moreover, u is an algebra morphism because 

u ° f/AxV = MB ° («A ® iy) o Va®v o v = fi B o (i A ® i v ) o uj o r] B = r] B 

and 

a; -1 o [i B o (uj ® uj) 

= Pa®v ° & Mb ° 8) w) o ® u<g>y) = Pa®v ° ma®v ° (m®v ® M®y) 

= MAxV- 



□ 



Remark 1.5. Note that, if the conditions (ii) or (hi) of Theorem 11.41 hold it is possible to 
characterize the isomorphism uj as 

u = Mb ° (iA ® »V) ° U®y- 

If we are under the conditions (iii) of Theorem 11.41 we know that A (g) V has a weak crossed 
product structure with preunit v = uj o rj B . Observe that this fact implies that 



uj o v = n B o (i A (g i v ) o v = rjB- (24) 

If uj : A x V — > -B is the isomorphism of algebras, in light of the equality w _1 = pa®v ° and 
the fact that %a is a morphism of algebras we obtain that 

w ° £>a®v A/ = «a 



10 



and 

W ° PA®V (VA <8> V) = iy. 
Thus the morphisms and iy have always this explicit expression. 

Remark 1.6. Suppose that B satisfies the conditions of Theorem 11.41 and let %a, iv be the 
morphisms defined in (fTS]) and (fT9l) . By Theorem 11.21 of [17] we know that 

$V = VAm °{r]A®V ®p v ) (25) 
ay = Ha®V ° (VA ® V" ® ??A <8> V) (26) 
and then, by the condition of algebra morphism for ui and the equality Va®V o ipy- = ijjy- we 
obtain 

\ib ° (u ® iv) ° tpv = Mb ° («v ® u) (27) 

and 

Mb ° (m <8> iy) o ay = fiB o (iv ® iy). (28) 
The conditions ([24l) . (l27]l and (f28l) are closely related to the characterization of weak crossed 
products as universal constructions. In the following result we obtain this universal property 
explicitly. 

Theorem 1.7. Let (A (g> V, MA®v) be a weak crossed product with preunit v, and let B be an 
algebra. Suppose that there exist morphisms %a '■ A — > B and iy : V —> B such that %a is an 
algebra morphism. Then the following assertions are equivalent: 

(i) There exists an unique algebra morphism u> : A x V — > B that makes the following 
diagram commutative: 




(ii) The equalities ((24D, dZZJ) and (EHJ) hold. 
Proof: 

First we prove (i)=^(ii). Suppose that w:ixK->Bisa morphism of algebras commuting the 
diagram. Then 

Mb (iA ® iy) 

= MB ° ((w o p A ®v o /3„) (g> (w o p A(g) y o (r/ A <g) V))) 

= ujo n AxV o ((pA®y ° Pu) ® {pa®v ° {VA ® V))) 

= 0JO p A ®y O fJ, A(S) y O [fi v <g) T]A <S> V) 

= ui o pa®v ° MA®v ° (ma <8> V (g) A (g) V) o (A (g) v <8> 7?^ <g> V) 
= uj o ° (ma ® V) o (A (g> (MA®y o (v <g> tja <8> V))) 
= uj o pa®v ° (ma ®V)o(A<8) (Va®v {VA <8> V))) 
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= LO a PA®V 

where the first equality follows by the commutativity of the diagram, the second one by the 
condition of algebra morphism for oj, the third one by the definition of MAxV, the fourth one is 
a consequence of the definition of f3 u , the fifth one uses that ma®v is a left A-module morphism, 
the sixth one follows by Va®V = ^a^v an( ^ finally, the seventh one uses that Va®v is a left 
^4-module morphism. 

Then, as a consequence, we have the following: 

MB ° (lA ® iv) V = LO o pA®V ° V = UJ o r]Atg>V = VB 
and (|24l) holds. On the other hand, 

liB°{iA®iv)°i>V = Uop A ®V ° MA®V o(t] A ®V '0 /3 V ) = W0/i 4xy o {(p Am ° (VA ®V)) ® {pA®V °Pv)) 
= jJ>B ° ((w o p Am o V)) ®{uo p A ®V ° Pv)) = MB ° (iv <S> U) 

and $27$) holds. 

Finally, we obtain (|28j) by similar computations. 

MB ° (u <S> iy) ° Oy = U> o pa®v ° Ma®v ° (?7A ® V ® VA ® V) 

= OJ o //AxV ° {{PA®V ° (f?A <8> V)) (j)A®V ° (??A ® V))) 

= Mb ° ((w o pAcgiv ° (t?a ® V)) (w o p^y o V))) = mb ° (iv 8> iv) 
The proof for (ii)=>(i) is the following. Define lj = hb ° (iA ® iv) ° iA®v : A x 7 ^ 5. First 
we need to prove that this morphism is multiplicative, and this fact follows by: 

W o MAxV 

= mb o ((mb ° (iA 8) «a)) ® (/is («A ® iv) ° Cy)) o (^4 Vy <8> V) o (i^y iA®v) 
= mb o (5 Mb) o (i A o (% A iy) o ^) i v ) o (i^^v iA®v) 

= /lBo(w® w). 

The first equality follows by the associativity of mb and the condition of algebra morphism for 
i A , the second one by ([28]) and the associativity of mb- The third one is a consequence of ([27|l 
as well as the associativity of mb- 

Now by (|24l) we obtain that u o t]a®v = Vb and therefore uj is an algebra morphism. 

Moreover, equalities ([24l) . (|27l) and the condition of algebra morphism for i A forces the diagram 
to be commutative. Indeed: 

<*> PA®V ° ftv 

= fi B ° ((iA ° Ma) <8> iv) ° (^4. i/) 
= MB ° (iA ® (MB ° (iA ® iv) ° f)) 
= MB o (i^ <8 ??b) 
= iA 

and 

W o p A( X)V ° (j]A ® V) 
= MB ° (iA (8) iy) o Va®v ° (VA ® V) 
= MB ° (iA <8> iy) o <i/?y o (V r?^) 
= MB ° (iv <8> (u °»7a)) 
= Mb ° (iv ® ??b) 
= iy. 

Finally, suppose that 6 : A x V ^ B is & morphism that satisfies the same conditions as uj. 
Then: 
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= hb ° (j>A <8> iv) ° U®y 

= fl B ° ((# O pA<X>y o (8) (0 O p A(gl y o (r] A g) V)) o Z^^y 

= 00 pA®y o /i Acg) y o (/^ ry A ® V) o i Am 
= o pa®v ° VA<g>y o i A®y 
= 6 

and therefore u; is unique. □ 



Remark 1.8. Theorems 11,41 and 11.71 are the generalization to the weak case of Propositions 
2.3 and 2.4 of [9j. In these results Bespalov and Drabant described equivalent projection and 
injection conditions for an algebra to be isomorphic to a cross product algebra and characterized 
the universal construction in this setting. 

Remark 1.9. In the previous results we develop a theory of crossed products in A ® V. In a 
symmetric way it is possible to obtain similar results for V ® A. In this new case we must work 
with morphisms : A <8 V — > V <S> A, a\ : V <8 V — > V <8 A and the associated idempotent, 
Vy®A : V (g> A -> V ® A, is defined by 

V^i = (V <8 ii A ) ° ° (t/a (8) V)) A). (29) 

The induced product /Uy®A :V(3A®V(&A^V®A\s 

W®A = {V® ha) o (ctX ® Ma) o (V (8 Va ® A) (30) 

and the preunit is a morphism v : K —> V A. 

The next proposition shows that under suitable conditions it is possible to find a weak crossed 
product over V (8 A once we have one defined on A <8> V. 

Proposition 1.10. Let (A ® V, MA®y) be a weak crossed product with associated morphisms 
: -> A®V~, (Ty : F®V -> A(g>V. Let (A, V,Va : A®V V~®A) be a triple satisfying 

(V ® o (V>a <8 A) o (.4 <8 ^X) = ^A (MA ® V). (31) 

Let VA®y be the idempotent of the weak crossed product (A <g> V, MA®y) and ^v<g>A a morphism 
given as in ([29]) . Then if 

^v°tPa= Va®v (32) 

and 

^A°^V = W®A, (33) 
hold, the pair (V (8 -A, Hv®a) is a weak crossed product with associated morphisms a\ = 
i^A °o'y:V(S)V^'V^A and the product nv®A defined in ([30]) satisfies 

My®A = iPa° HA®v (ipv ® Vv)- (34) 

Moreover, if (A (8 V, MA<g>y) is a weak crossed product with preunit v : K — > A (8 V, the pair 
(V (8 A, My®A) is a weak crossed product with preunit v = o v : K — > V ® A. 

Proof: 

First note that Vy 8j 4 o a\ = cr]( because by (|32l) and (|33l) . 

Vv®A o ff ^=^o^o^O(T^ = ^o VA(g>y o cry = Va ° °V = ° V A- 



13 

Before proving the twisted and the cocycle conditions for V>X and a\ observe that by (|3~T1) we 
obtain: 

il>A (ma <8 V) o (A ® ^) o (cr^ ®yl) = (^® ma) o (o-X A) (35) 
and as a consequence of ([32]) and (jSj) we have 

(V>y 8^)0(7® (Vy o Va)) ° (V>X ® V) (36) 

= (ma ® V ® V) o (A <8 ^ ® V) o (A <8 V ® (^y o (V <8 t/a))). 

We now proceed to prove the twisted condition for ip\ and a\. 

(V <8 ma) (oa ® ^) ® ^a) (^A ® V) 
= (Ma <8> V) o (A <8 ^) o (<j^ ®A)o(V0 V>X) (^X ® ^) 
= VX (MA <8) V) o (A <8 o (^ ®7)o(y® (^ o VX)) o (V'X ® K) 

= ^X (MA <8> V) o (/x A <8 0$) o (A (8 Vy <8 V) o (A (8 V <8> (V»y ° (V ® 7/ A ))) 

= VX (MA <8 V) o (A (8 ((ma ® V) o (A ® o (V^ ® V) o (V <g> (Vy o (V (8 r? A ))))) 

= ^X (MA 8F)o(A® ((ma ® V) o (8 Vy) (fly <8 If a))) 

= ^X (MA <8> V) o (A (8 (V A ®y o 0$)) 

= VX (MA <8 7) o (A (8 CTy) 

= (V ® MA) ° (-0A ® A) ( A ® °"a)" 
The first equality follows by (|35|) . the second and the fourth ones by the twisted condition for 
(A (8 V,MA®y), the third one by ([36l) . the fifth one by the associativity of ma, the sixth one by 
the definition of V A<gy, the seventh one by (fTUl) and finally the eighth one by (|3"Tj) . 
The proof for the cocycle condition is the following: 

(V (8 ma) o (o"X ® A) o (V ® o"X) 
= (V (8 ma) o ((Vy^A o fj,V) (g) A) o ® A) o (V (8 (V>X CT y)) 
= VX ^y (V ® MA) o ((^X ° <4) ® A) o (V ® (VX o o#) 
= VX (MA ® V) o (A (8 Vy) (oy ®A)o(V0 (V>X *y)) 
= V>X (MA <8 V) o (A <8 ay-) o (V>y- (8 V) o (V (8 ^) 
= VX (MA (Ty) o (0^ (8 V) 

= ^X (MA ® V) o (A <8 (V^y o"y)) (oy ® V) 
= ^X (MA <8 V) o (.4 <8 ((ma <8 V) o (A <8 ^) o (o# <8 ??a))) ° (oy <8 V) 
= V>X (MA <8 V) o (ma <8 cry) o (A (8 Vy ® V) o (cr^ (8 (V>y (V <8 t/a))) 
= VX (MA <8 V) o (A <8 ay") o (^ <8 V) o (V ® (^ o VX)) ((V'X CT y) ® *0 
= V>X (MA (8 V) o (^ <8 Vy) o (<j# (8 V) o (V ® VX) ((V>a CT y) ® y ) 
= (A® n A ) o (o-X A) o (V <8 VX) ( CT A ® F )- 
The first equality follows by Vy®A V"X = ^X> the secon d one by (|33l) and right A-linearity 
of Vy^A where 4>v®A = V ® MA- The third one is a consequence of J6]) and (fTUl) . the forth one 
follows by the twisted condition for (A (8 V, /ia®v) as well as (fTD) . the fifth one by the cocycle 
condition for (A (8 V, MA®y); the sixth one by (fTUl) . the seventh one by the definition of Va®V, 
the eighth one by the twisted condition for (A (8 V*,MA<g>y) and the associativity of ma, the ninth 
one by ([361) . the tenth one by the twisted condition for (A (8 V, MA®y) and the eleventh one by 

Therefore, (V (8 A, hv®a) is a weak crossed product with associated morphisms ip\, o\. 
Finally, by a similar calculus we have /iy®A = V'X MAigy (V'y ® V'y)- Indeed: 

My®A 

= (V (8 ^a) o (((V ® ma) o ((^X o-y) ® A)) (8 A) o (F (8 ^X ® A) 
= ^X (MA <8 V) o (A <8 Vy) o (<r0 (8 ma) o (V (8 V'X ® A ) 



= o (ma ® V) o (A ® <Ty) o ® y) o (y ® o (y (g) ma) o (V>X ® A))) 
= VXt ° (Mil ® V") o (A ® <7$) o ® V) o (V ® ((ma ® V) o (ma ® ^*)o 
(A ® o (y ® »7a)) ® 4))) 

= V>X ° (Mil ®V)o (ha ® CTy) o(i®l/!^F)o ® Vy) 

= ^X ° MA®y ° ("0V ® V'v)- 
To complete the proof suppose that (A ® V, MAgy) is a weak crossed product with preunit 
v : K —> A ® V and define u = ip\ o v : K —> V (£> A. To obtain that v is a preunit for 
(V ® A, My®A) it is sufficient to check: 

(y Ma) o (ffX ® A) o (V ® Va) (u ® V") = VygjA o (V ® tia), (37) 
(V ® ma) o (<j\ ®A)o(V®v) = Vvcxda o (V ® ?7a), (38) 

(y <g> Ma) ° (VX' ® ^) ° ® w ) =A>, (39) 
i.e. the symmetric versions of the equalities (Il5)l . (TTB]) and (fl7l) . 
Equality (J3TJ) follows by: 

(V ® ma) o {a\ ®A)o(V® ip\) o (u ® V) 
= (V ® ma) o (V>X ® A) o (A ® (V?X ° o-y)) ° (f ® V) 
= ^X (MA ® V) o (A ® (7$) o (f ® V) 
= 1pA° Vi 8 V (??A ® V) 

= ^X ° (MA ® V) o (t?a ® (^v o (V ® t/a))) 
= ^X ° ° ( y ® 

= W<gA ° (V ® TJa), 

where the first identity is consequence of the twisted condition for (V ® A, My® a), the second 
one of ([3T1) . the third one of ([To]) , the fourth one of the definition of VA®y, the fifth one of the 
unit of ma and the sixth one of j33j). 

The identity (JHHJ) follows by 

Vy®A ° (V ® 7?a) 

= i*A° ^ Am ° (?7a ® V") 

= ^) V A o (ma <8> V) o (A ® of) o ® V) o (V ® v) 

= (V ® ma) o (V>X ® A) o (A ® (V>X o of)) o (Vf ® V) o (V ® v) 

= (V ® Ma) o ((V'X ° Oy) ® A) o (y ® VX) o (Vy A ® V) o (V ® v) 

= [V ® ma) o ((^X o of) ® ma) o (y ® Va ® A ) ° ((^A ° (va ® v)) ® u) 

= (y ® ma) o (((y ® ma) o OX ® A) o (y ® ^)) ® A) o ((^X o (r? A ® v)) ® u) 

= (y ® ma) o (V>X ® A) o (ma ® V ® A) o (tja ® ((o"y ® A) o (y ® «))) 
= (V ® ma) o (o"X ® A) o (V ® u), 
where the first equality follows by (|33l) . the second one by (fl~5l) . the third one by ([3T1) . the 
fourth one by the twisted condition for (V ® A, My® a) and (|33l) . the fifth one by the definition of 
Vy®A and ([3TJ) , the sixth one by the assocativity of MA, the seventh one by the twisted condition 
for (y ® A, hv®a) and finally the eighth one by the properties of the unit of A. 

Finally, by (fT7l) and similar arguments to the ones used previously, the proof for (|39|) is the 
following: 

(y ® ma) o (V'X ®a)o(a®v) 

= 4>\o (ma ® V) o (A ® 0$ ) o (z/ ® A) 

= (y ® MA) o (^X ® A) o (A ® Vv®a) o (i/ ® A) 
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= (V ® fi A ) ° (((V ® Ma) ° (V>A ® A ) ° ® ° (»M ® V)))) ® A) o (z/ ® A) 
= (V (8) /tu) (f ® A) 

Therefore, v is a preunit for (V ® A, //y^) and the proof is finished. □ 

1.11. As our aim is to deal with algebraic structures that involve crossed products and co- 
products, in the rest of the section we give some definitions an results related to weak crossed 
coproducts. This theory is obtained by an straightforward dualization of the one of weak crossed 
products. The proofs can be obtained from the corresponding proofs for weak crossed products 
defined in A ® V or V ® A by dualization. We refer to pT] for the notation and the main results. 

Let C be a coalgebra and V an object. Suppose that there exists a morphism Xy : C ® V" ^ 
V ® C such that the following equality holds: 

(Xv ® C) o (C ® xv) ° (8c ® V) = (V ® 6c) o Xy (40) 

As a consequence the morphism Tc®v '■ C ® V — > C ® V" defined by 

Ic®v = (C ® V ® bc) ° (C ® Xv) (8c ® V"). (41) 

is idempotent. Moreover, r^gy is a left C-comodule morphism where the left coaction is given 
as pc®v = 8c®V. 

Henceforth we will consider quadruples (C, V, Xy , Ty) wnere C, V and Xy satisfy the condition 
g0]) and t£ : C7 ® V -> F ® V is a morphism in C. For the morphism r^y defined in (|4l"1) we 
denote by CnV* the image of r^y and by ic®v '■ CUV — ► C ® V", pc®y : C ® V — > CDV the 
injection and the projection associated to the idempotent. 

Following the ideas behind the theory of weak crossed products, we will set two properties 
that guarantee the coassociativity of certain weak crossed coproduct on C ® V. We will say that 
a quadruple (C, V, Xv-> Ty) satisfies the twisted condition if 

(t£ ® C) o (C ® xv) ° (8c ®V) = (V® xv) (Xy ® V) o (C <g> Ty 7 ) o ($ c ® V), (42) 

and the cocycle condition holds if 

(Ty" ® V) O (V ® Ty") O (fc ® V) (43) 
= (V ® Ty 7 ) O fog ® V) O (C ® Ty 7 ) O (5 C ® V). 

By virtue of Proposition 5.9 of [17] we will consider from now on, and without loss of generality, 
that 

Ty O Tc^y = Ty 7 (44) 

for all quadruples (C, V, Xy> Ty). 

For a quadruple (C,V,X\/i T v) define the coproduct 

8cm = (C ® xy ® V) o (6 C ® Ty 7 ) o (6 C ® V) (45) 

and let #cw be the coproduct 

8cnv = (pc®v ® Pew) ° 8 c ®v ° ic®v- (46) 

If the twisted condition (l42j) and the cocycle condition (1431) hold, 6c®v is a coassociative 
coproduct that it is normalized with respect to Tc®v (i.e. <5c<g>y ° Tc^y = Jc^y = (rc®V ® 
rc®y) ° <5c®y)- As a consequence <5cw is also a coassociative coproduct (Proposition 5.10 of 
|17J). Under these circumstances we say that (C ® V, 6c®v) is a weak crossed coproduct. 
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Let C be a coalgebra and V and object in C. If 5c®v is a coassociative coproduct denned in 
C ® V with precounit v : C ® V — > K , i.e. a morphism satisfying 

(C ® V <g> v) o = (u«C®y)o 5 Cc gy = (C F ® ((v ® u) o <5cw)) o (47) 

we obtain that CdV is a coalgebra with coproduct 

$cnv = (Pc®v®Pcm) ° $c®v ° ic®v 

and counit £cnv = uo *o®V> where Pc®v an( ^ ^(7®V are the injection and the projection associated 
to the idempotent Tc^>v = (C <S> V <S) v) o 5c®v '■ C ® V — > C ®V (see Proposition 5.5 of p2|). 

If moreover, 5q®v is left C-colinear for the coactions pc®v = &C ® V an d Pc®v®c®v = 
PC®V ® C ® V and normalized with respect to Tg^y, the morphism 

7„ : C 8) V -> C, 7„ = (C ® u) o (fc ® V) (48) 

is comultiplicative and left C-colinear for pc = ^c- Although 7„ is not a coalgebra morphism, 
because C ® V is not a coalgebra, we have that ec °7u = v, and as a consequence the morphism 
7v = 7« ° ^c^y : C- 1 ^ — > C is a coalgebra morphism. 

In the following theorem we give a characterization of weak crossed coproducts with precounit: 

Theorem 1.12. Let C be a coalgebra, V an object and Ao®y : C (&V ^> C (&V ® C ®V & 
morphism of left C-comodules. 

Then the following statements are equivalent: 

(i) The coproduct Ao®y is coassociative with precounit v and normalized with respect to 

-pv 

1 c®v 

(ii) There exist morphisms Xy : C ® V ^ F ® C, : C ®V ®V and v : C ® V —> K 
such that if 5c®v is the coproduct defined in ([45]) . the pair (C ® V, tfogiv) is a weak 
crossed coproduct with Ao®y = 5c®v satisfying: 

(V ® v) o (x^ ® V) o (C ® if) o (fc <g> V) = (eo ® V) o r C0 y (49) 
(« ® o (C ® r£) o (8 C ® V) = (eo ® *0 o r c ®y (50) 

(u ® C) o (C ® xv) (fc ® = 7«, (51) 

where ^ v is the morphism defined in (|48l) . In this case u is a precounit for 8c®v, the idempotent 
morphism of the weak crossed coproduct Tc®v is the idempotent T c ^ Vl and we say that (C ® 
T 7 , <5c®v) is a weak crossed coproduct with precounit v. 

As a corollary of the previous result we have: 

Corollary 1.13. If (C ® V,8c®v) is a weak crossed coproduct with precounit v, then CUV is 
a coalgebra with the coproduct defined in (l46j) and counit £cuv = v o ic®v- 

Like weak crossed products, weak crossed coproducts are universal constructions too. 

Theorem 1.14. Let D be a coalgebra in C. Then it holds equivalently: 

(i) There exists a weak crossed coproduct (C®V, 5c®v) with precounit v and an isomorphism 
of coalgebras w : D — > CUV . 
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(ii) There exist a coalgebra C, an object V, morphisms 

pc'.D^C, py.D^V, T c ®v -C®V -^C®V, w : D -> CUV 

such that pc is a coalgebra morphism, Tc®v is an idempotent morphism of left C- 
comodules for the coaction pc®v = ® V and is an isomorphism such that 

ic®v ow = (p c ® pv) ° Sd 

where CDV is the image of Tc®v and ic<®v is the associated injection, 
(hi) There exist a coalgebra C, an object V and morphisms pc ■ D — > C, py : D — > V and 
: C (8> V — ► I? that satisfy 
(iii-1) pc is a coalgebra morphism. 

(iii-2) w is a morphism of left C-comodules for pc®v = &c ® V and pr> = {pc ® D) o <5 D . 
(iii-3) o (p c ®py) = 

Remark 1.15. Note that, if the conditions (ii) or (hi) of Theorem 11.141 hold it is possible to 
characterize the isomorphism w as 

= pew ° (pc ®pv) ° fo- 
Also, as in the crossed product case, the explicit expression for the morphisms pc and py are: 

PC =lv° ic®V PV = (^C* ® V) o i c ®y o 

where w is the isomorphism of coalgebras. 

As we have done for weak crossed products, we can obtain a weak crossed coproduct as a 
universal construction, that is: 

Theorem 1.16. Let [C <g> V,Sc®v) be a weak crossed coproduct with precounit v, and D be a 
coalgebra. Suppose that there exists morphisms pc ■ D — > C and py : D — > V such that pc is a 
coalgebra. Then the following assertions are equivalent: 

(i) Then there exists an unique coalgebra morphism vd : D — ► COV such that ^ v oic®v 0C7 = 
PC and (ec <8> V) o ° = py. 

(ii) The equalities 

(ii-1) wo(|) C ® p y ) o 5 D = ££,, 
(ii-2) Xy o(pc®Pv)°fe = (py ® Pc) ° fo, 
(ii-3) Ty o (p c ®py) o 5d = (py <S>py) ° 6d 
hold. 

Remark 1.17. Following the theory of weak crossed products, now we are interested in obtaining 
a weak crossed coproduct not on C (g> V but on F^C. In this case we must consider morphisms 
Xc ■ V®C -> C®V, : F<g>C ->• V®V and the associated idempotent, T v<s>c ■ V®C -> V<g)C, 
is defined by 

IV^c = (ec ® T/ ® C) o (xc ®C)o(V® 5 C ). (52) 
The induced coproduct 5y®c : V ® C ^ V ® C ®V ® C is 

<$y®c = (V ® xc ® C) ° ( r c ® fc) o (V <8 5c) (53) 
and the precounit is a morphism v :V ® C —> K . 

The following result is the dual of Proposition 11.101 and shows that if there exists a weak 
crossed coproduct onC®F then it is possible to find one on V ® C under certain conditions. 
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Proposition 1.18. Let (C <g> V,6c<g>v) be a weak crossed coproduct with associated morphisms 
Xy ■ C ® V -» V" 8 C, t£ : C ® V -» V ® V. Let (C, V, : V ® C -» C ® V) be a triple 
satisfying 

(C ® xg) ° (Xo ® C ) ® <fc) = (Sc ® ^) o xg. (54) 
Suppose that r^y is the idempotent associated to (C<8> V, e)c®vO and Ty^c" is the idempotent 
given by §2). Then if 

Xc°Xv = r CW (55) 

and 

Xv°Xc = T v®c, (56) 
the pair (V®C, <5y®c) is a weak crossed coproduct with associated morphisms xJC, r c = °v°Xc • 
V C — > V tg> V and the coproduct 5y®c defined in (|53l) satisfies 

Sv®c = {Xv ® Xv) ° s c®v ° Xc- (57) 

Moreover, if (C (g) V, 5c®y) is a weak crossed coproduct with precounit v : C tg) V — > K, the 
pair (V (g) C, 5y(g,c) is a weak crossed coproduct with precounit v = v o \c V ® C —> K. 

2. Weak crossed biproducts 

The aim of this section is to obtain a weak bialgebra in a braided category C whose product is 
given as a weak crossed product and whose coproduct is given as a weak crossed coproduct. That 
is, we give the notion of a weak crossed biproduct, and furthermore we characterize such objects. 
Hence in this section the category C will be braided with braid c. The notions of weak bialgebra 
and weak Hopf algebra in a braided category were introduced in [2] and the main properties 
of these algebraic objects were obtained in [3J. Weak Hopf algebras in a braided category were 
recently called weak Hopf monoids by Pastro and Street (see [2l])- In this last reference, the 
authors showed that it is possible to obtain examples of weak Hopf algebras and weak bialgebras 
in a braided setting working with separable Frobenius algebras in C. 

The definition of weak bialgebra in a braided category C is the following: 

Definition 2.1. A weak bialgebra in a braided category C with braiding c, is an object in C 
with an algebra structure (D , r)D , (J-d) and a coalgebra structure (D,ed,8d) satisfying: 

(i) 5 D o fj, D = (n D <gi fx D ) o(D® cd,d (g> D) o (5 D ® S D ). 

(ii) sd o o (fi D <g> D) = ({e D ° (J>d) <8> (ed ° MzO) ° (D (g> 5 D ® D) 
= ((e D o fj, D ) ® (e D o fi D )) o(D(g> (c^ D o 8 D ) ® D). 

(hi) (Sd ® D) o 5 d o tid = (D ® h d ® D) o ((Sd ° ??d) ® (fo ° tjd)) 
= (D ® (//£, o c D | D ) ® D) o ((<5 D o 770) ® (<5z> o rj D )). 

If moreover, the following conditions hold, 

(iv) There exists a morphism Ad : D — » D in C (called the antipode of D) satisfying: 
(iv-1) id D A Ad = ((e D ° Md) ® -°) ( D ® cd,d) ° ((#D ° ?7d) ® -D), 
(iv-2) A D A id D = (D ® (e c o ^d)) o (cd,d (fo o r] D )), 

(iv-3) Ad A z^d A Ad = Ad, 
the weak bialgebra D is a weak Hopf algebra in the braided category C. 

If D is a weak bialgebra it is possible to define the endomorphisms of D, Tl D (target morphism), 
(source morphism), n^, and n D by Ii D = ((en ° Hd) ® D) o (D ® cd,d) ((<^D ° ?7d) ® 
ng = (D®(e D o l i D ))o 

(cD,D®D)o(D<gi(SD o r]D)), n D = (D(3(ed° [iD))°{(5D°riD)®D), and 
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n_o = ((s.d ° Hd) ®D)o[D® (5d ° Vd))- It is straightforward to show that they are idempotent 
(Proposition 2.9 of [3]), and by Proposition 2.10 of [3] the following identities hold 

u L H oTi L D = u L D , n£onS = nS, Ti L D ou L D = u L D , u^ou L D = u L D , (58) 
ngon£ = i4 ngonS = ng, n^ong = ng, nSong = nS. 

If D is a weak Hopf algebra the antipode satisfies 

n£>oA D = n£ong = A D ong, ngoA^ = ngoii£ = x D ou^, (59) 
n£ = n£oA D = A D orT^, ng = n D o a d = A D onJ. 

Moreover, it is antimultiplicative, anticomultiplicative and leaves the unit and the counit 
invariant, i.e.: 

Ar> ° Md = ^d°cd,d (^d®Xd), (60) 
5 D o \ D = (\ D <g) \ D ) o c DtD o 5 D , (61) 
Ad °Vd = Vd, e D o\ D = e D (62) 

(see Proposition 2.20 of [3]). 

In the following definition we introduce the notion of weak crossed biproduct that generalizes 
to the weak setting the definition of cross product bialgebra due to Bespalov and Drabant |9j. 

Definition 2.2. A weak bialgebra D in a braided monoidal category C is called a weak crossed 
biproduct if there exist an algebra A, a coalgebra C and morphisms 

i() < l:A®C^C<8)A, a c A : C <g) C -> C ® A, v : K -> C ® A, 

: C <g) A -> A (8) C, : C <g> A -> A ® A, u : C <g) A ^ if 

such that 

(i) The pair [C ® A, hc®a) is a weak crossed product with preunit v. 

(ii) The pair (C A, 6c®a) is a weak crossed coproduct with precounit v. 

(iii) Vc*®A = TcigiA where Vc^a is the idempotent associated to the weak crossed product 
and Tc®a the idempotent associated to the weak crossed coproduct. 

(iv) There exists an isomorphism of algebras and coalgebras a : C x A — > D where C x A 
denotes the image of Vc®A or, equivalently, the image of Tq®a ■ 

(v) The preunit and the precounit satisfy 

(ec®A)ov = rjA, 
v o (C <g> r} A ) = e c , 

respectively. 

If we combine the symmetric version of Theorem 11.41 and Theorem 11.141 we obtain a charac- 
terization of weak crossed biproducts as universal constructions: 

Theorem 2.3. Let D be a weak bialgebra in C. The following are equivalent. 

(i) D is a weak crossed biproduct. 

(ii) There exists morphisms ttd '■ D — > D and #d : D — > D such that 
(ii-1) TTDOrjD = VD- 

(ii-2) hd o (tt d ® 7Td) = tt d o fi D o (tt d ® 7r D ). 
(ii-3) £d ° @D = £D- 

{HA) {6 D ® D ) o = (6^ ® D ) ofco flj,. 
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(ii-5) (9d <8> ttd) ofc°/io°P® ttd) = (D ® /xp) o (((0d ® vr D ) o <J D ) g 7Td). 
(ii-6) (0 D ®D)o5 D o /jl d o (6»£, ® vr D ) = (0 D ® (hd ° (0d &> ttd))) ° ($D ® D). 
(ii-7) 9 d Att d = id D . 
(iii) The following assertions hold. 

(iii-1) There exist an algebra A and morphisms Ia A ^ D , pa D —> A such that is 

an algebra morphism and pa ° *A = id a- 
(iii-2) There exist an coalgebra C and morphisms ic '■ C — > D, pc '■ D — > C such that pc 

is a coalgebra morphism and Pc ° ic = idc- 
(iii-3) There exists an idempotent morphism Vc®A ■ C®A — » C<g)^4 of right ^4-modules, for 
the action 4>c®A = C ® ha, and left C-comodules, for the coaction pc®A = <fc ® -4, 
and an isomorphism to : C x A — > D such that 

PC® A = U~ X o HD o (i c (8) i A ) 

and 

«C®A = (p<7 ® PA) ° #D ° W 
where C x A denotes the image of Vc®a and pc®A, *C®A the associated projection 
and injection respectively. 

Proof: 

(i) => (iii) By the symmetric version of Theorem 11.41 we have that there exist morphisms %a '■ 
A — > D, %c : C — > D, Vc®A : C <8> ^4 — ► A <g> C where %a is an algebra morphism, Vc®A is an 
idempotent morphism of right yl-modules for the action <j>c®A = C<£>HA and a is an isomorphism 
of algebras such that a o pc®A = ° (ic ® *a)- By (ii) of Definition 12.21 and Theorem 11.141 
we obtain that Vc®A is a morphism of left C-comodules for the coaction pc = 5c <S> V and 
there exists morphisms pc '■ D — > C, pa : D — > A, where pc is a coalgebra morphism and 
&C®A ° a 1 = (pc <8>Pa) ° The morphisms z'a, ic, Pc and pa are defined by 

i A = ao p c ®A ° PA = (ec ® A) o o a^ 1 , (63) 
i c = a opc®A ° (C ® t/a), PC = 7« ° «C®A ° a -1 - (64) 
Then, using the condition of right A-module morphism for Vc®A and (5) of Definition 12.21 we 
have: 

Pa°ia = {ec ®A)o V c ®a o (C (g> ha) o(v®A) = (e c ® ha) ° ((Vc®a 01/)®^) = 

(ec <8> ma) (f ® ^4) = MA (??A ® A) = id^. 

In a similar way, by the condition of left C-comodule morphism for Vc®A and (5) of Definition 
12.21 we prove that pc ic = idc- 

(iii) =>• (i) The proof of this implication is a direct consequence of Theorem 11.141 and the 
symmetric version of Theorem 11.41 Obviously, the isomorphism a:CxA->Disw and the 
preunit and the precounit are: 

V = IC^AOUJ^ 1 7] D , V = ED °0J op c ^A- (65) 

Then, we have 

(ec®A)ov= (ec ®A) oic®A o^" 1 °r]D = (ec ® A) o (p c ® pa) ° $d ° w o u^ 1 o ij D =p A o7] D = 

PA°iA°VA = VA, 

and in a similar way we obtain v o (C <8> 77^4) = sc- 
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(ii) (iii) First note that (ii-1) and (ii-2) imply that 7Td is an idempotent morphism. In a 
similar way 6d is idempotent by (ii-3) and (ii-4). Moreover, by (ii-7) it is easy to prove that 

Vd®d = (Od ® ttd) ° Sd ° ° (Od ® ttd) (66) 
is an idempotent morphism with splitting morphisms 

PD®D = HD (0D ® 7TX)), iD®D = (&D ® ^d) ° $D- 

We define ia, Pa, ic, PC as the morphisms that split ttd and Od respectively, i.e., 

iA°PA = KD, PA°iA = idA, 
i c op c = e D , Pc oi c = id c , 
for some objects A and C. By (ii-1) and (ii-2) we obtain that A is an algebra with unit tja = 
PA ° Vd and product fj>A = PA ° Md ° (iA ® ^a)- Similarly, by (ii-3) and (ii-4) we prove that C is 
an coalgebra with counit £c = £d ° ic and coproduct 5c = (pc Pc) ° $c ° ic- Therefore, %a is 
an algebra morphism and pc a coalgebra morphism. 
Now define Vc®A ■ C ® A -> C ® Ahy 

Vc<gA = (PC®Pa) ° V D8 fl o (i c ® i A ), 
where Vd®d is the idempotent defined in (|66j) . Then, Vc®A is idempotent, satisfies the identity 

VcgA = (PC ® PA) o5 D o fi D o (i c ® i A ) 
and, as a consequence, the splitting morphisms are 

PC® A = fJ>D (ic ® u) ; ic®A = (pc ® Pa) ° 5 D , 

the image of Vc®A is A x C = D and u> = ido = vj. 

Finally, Vc®A is a morphism of right A-modules, for the action (j) y>c®A = C ® MA, and a 
morphism of left C-comodules, for the coaction pc®A = 5c® ^4- Indeed, to obtain the A-linearity 
of Vc®A check: 

Vc®4 </>C®A 

= (pc ® (pa ° M£>)) ° (-D ® ® -D) ° ((#d ° *c) ® (iA ° Pa)) 

= (pc ® (pa ° Hd)) o (-D ® (pd ° (ttd ® D)) ® D) o ((<S D o ic) ® iA ® iA) 

= (pc ® (ma ° (pa ® -4))) ° ((Vfl 8 o o (i c ® i A )) ® A) 

= (C®/m) o (Vc®a®^4), 
where the first equality follows by (ii-5), the second one by the associativity of and the third 
one by (ii-5). 

Using (ii-6) and by similar computations, follows the proof for Vc®a to be of left C-comodules. 

(iii) =>■ (ii) Define the morphism ttd : D — > D and Od '■ D — > D as 7Td = iA ° PA and 
0£) = ic °Pc- These morphisms are idempotent because pa ° ia = i^A and pc ° ic = idc- To 
check (ii-1) compute: 

KD ° ??D = iA°PA°r]D = iA°r]A = VD 
where the second and the third identities follows by the condition of algebra morphism for %a- 
Using as well that %a is an algebra morphism we obtain 

7TD o fj, D o (ir D ® tt d ) = iA o ha o (pa ® Pa) = Hd ° (^D ® 7TZ)), 

i.e., (ii-2) holds. In a similar way, using the condition of coalgebra morphism for pc we obtain 
(ii-3) and (ii-4). 
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Note that we have the following identities for the splitting morphisms associated to VcgiAs 

VC®A = & ° ° (ic ® U), ic<g>A = (PC ® Pa) ofcow. 
Using these equalities compute: 

CD o (Of) A 7T£)) o to 

= w o p D o (i c <g) i A ) o (p c (gi p A ) o 5 D o w 
= PC®A ° ic®A 
= idcxA 

and therefore, Od Attd = idu, thus (ii-7) holds. 

To prove (ii-5) we need some preliminary steps. First note that for the idempotent morphism 

Vd®d = (0 D ® n D ) o S D o fx D o (Q D ® ir D ) the equality Vc®A = (Pc ® Pa) ° V D8fl o (i c <g i A ) 
holds and, using the condition of right A-module morphism for Vc®A'- 
Vfl^o o (D ® (//£) o (i A (gi 

= (*c ® u) ° Vc a ° (pc 8> Pa) 

= (*c ® o jx A )) o ((Vc®a o (pc ® A)) (g A) 

= («c ® (po ° (iA ® u))) ((Vc®a o (pc 8 A)) (8> A) 

= (-D <g pd) ° ((Vd^d ° (D (g u)) 8 u) 
and then we obtain 

Vd.s.d ° (-D <g (px) o (vr/) tg 7TZ)))) = (-D (g p D ) o ((Vd®D O (D (g 7Td)) ® 7Td). (67) 

As a consequence, 

(9d 8 7T£>) o Sd ° pc o (D (g 7td) 

= (6>£> (g 7T D ) o5 D ° fJ-D° ((Od A 7T D ) (g 7T D ) 

= Vfl 80 O (0 D (g (p D O (VT/) (g 7T£)))) O (<5 D (g D) 

= (D <g p D ) o ((Vcgo o (0 D <g tt d ) o S D ) <8> vtd) 
= (.D (g p D ) o (((0 D <8> vtd) o <5 d o (6> fl A 7td)) <8> ttd) 
= (L> tg p D ) o (((6»£) (g 7T£)) o Sd) ® ttd), 

where the first equality follows by (ii-7), the second one by the associativity of [id and (ii-2), the 
third one by (|67l) . the fourth one by definition of Vd®d and finally the last one by (ii-7) and 
these computations yield (ii-5). 

The proof of (ii-6) is similar and we leave it to the reader. 

□ 

If we are under the conditions of Theorem l2,3l observe that equalities (ii-1) and (ii-2) mean that 
%A is a morphism of algebras. Similarly, (ii-3) and (ii-4) mean that pc is a morphism of coalgebras. 
Now recall from the symmetric version of Theorem ll.4l that we require the existence of a morphism 
Cj : D — ► C <g A that must be of right A-modules and must satisfy [id ° (ic ® ^a) & = id,D, and 
moreover Cj o fj, D o (i^ (g «a) = Vc®A- In this case 

& = (pc ®pa) ° <fo 

and condition (ii-5) guarantees that it is a morphism of right ^-modules. In an analogous way, 
and by Theorem II .141 there exists a morphism w : C (g A — ► D that satisfies that roo (pc ®pa) ° 
<5d = id>D and (pc <S>Pa) o Sd ° & = Vc<g>A« In this case, cb must be of left C-comodules. This 
property is obtained by (ii-6) and moreover we have 

Ti7 = [id o (ic ® iy). 
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Thus, the meaning of (ii-5) and (ii-6) is that Vc®A is a morphism of right A-modules and of left 
C-comodules. Finally, equality (ii-T) assures that Vc®A is an idempotent morphism. 

Remark 2.4. In the conditions of the previous result, if Vc®i = idc®A we obtain that V d®d = 
0£> ® iT£). Then, the universal characterization of cross product bialgebras obtained by Bespalov 
and Drabant in Theorem 3.2 of [9] is a particular instance of the universal property obtained for 
weak crossed biproducts in Theorem 12.31 

3. Weak projections and weak crossed biproducts 

This section is devoted to study weak bialgebras with a weak projection living in a braided 
monoidal category C. To do this we use the theory developed in Section 3, and we obtain that 
every weak bialgebra with a weak projection is a weak crossed biproduct whose comultiplication 
is a classical cosmash coproduct when it is particularized to the non weak case. 

Definition 3.1. Let B be a weak Hopf algebra in C and let (D, 4>d) be a coalgebra which is also 
a right -B-module and such that 

(4>d ® 4>d) °(D® c D:B ® B) o (5 D ® 5 B ) = S D o (f) D . (68) 

We say that D is a right -B-module coalgebra if the following equivalent conditions hold: 

e D o <\> D o [D ® n B ) = (e D ® e B ) ° Od ® Hb) (D ® (c^ B o <5 B ) <g> B), (69) 

e D o 4> D o (D (E) n B ) = (e D ® e B ) ° (</>d ® Mb) ° {D (£> 5 B ® B), (70) 
D o (D ® n|) = (£> ® (ed o D )) o ((c D | D o «J D ) ^ B), (71) 

&jo(D®n£) = p®(£flO^))o(fe®B), (72) 

e D o ( f) D o(D®U L B )=e D o(f) Dl (73) 

s D o(j) D o{D® U B ) =e D o <j) D . (74) 

Under these conditions it is easy to prove that (B, D, tpRR = (.B® cj} B ) o (cd, B ® B) o (D® <5b)) 
is a right-right weak entwining structure and (-D ,4>d,$d) G -^b(V'-R-r)- 

Definition 3.2. Let D be a weak bialgebra and .B a weak Hopf algebra in the category C. 
Suppose that there exists a morphism / : B — > D of weak bialgebras and a morphism g : D ^ B 
of coalgebras such that g o f = id B . Define 4> B = Pd (-D ® /), that induces a right -B-module 
structure on D, and let g be a morphism of right -B-modules, that is, 

g o (j) D = n B o (g ® 5). (75) 

Under these circumstances we say that D is a weak bialgebra with a weak projection onto B. 
Henceforth we will always use the notation (D,B,f,g) to refer to a weak bialgebra with a weak 
projection. In these conditions g o r]D = f]B- 

If we consider the .B-module structure on D given by (ft B , we obtain that D is a right -B-module 
coalgebra. Then (B, D, iPrr) with the morphism ipjw : D ® B — > B ® B> given by: 

= (-B ® //£,) o (c D>B ® /) o (D ® (5 B ) (76) 

is a right-right weak entwining structure such that (D, <p B , 5d) £ -Mb(V'-R-r)- Notice that the 
morphism related to this weak entwining structure is given by: 

e RR = ng o g. (77) 
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Example 3.3. As group algebras, that are the natural examples of Hopf algebras, groupoid 
algebras provide examples of weak Hopf algebras. Recall that a groupoid G is simply a category 
in which every morphism is an isomorphism. In this example, we consider finite groupoids, i.e. 
groupoids with a finite number of objects. The set of objects of G, called also the base of G, will 
be denoted by Go and the set of morphisms by G\ . The identity morphism on x G Go will be 
denoted by id x and for a morphism a : x — > y in Gi, we write s(a) and t(a), respectively for the 
source and the target of a. 

Let G be a groupoid and R a commutative ring. The groupoid algebra is the direct product 
in .R-Mod 

RG = Ra 

<tGGi 

with the product of two morphisms being equal to their composition if the latter is defined and 
in otherwise, i.e. ^rg{t <8> 0") = t o a if s(r) = t(a) and [1rg(t <8> <t) = if s(r) ^ t(a). The 
unit element is Irg = YlxeG The algebra RG is a cocommutative weak Hopf algebra, with 
coproduct Srg, counit £rg and antipode Xrg given by the formulas: 

5rg{v) = a ® o - , £rg(o") = 1, Arg(o") = o" -1 . 
For the weak Hopf algebra RG the morphisms target and source are respectively, 

and Xrg ° A_rg = id_RG, i.e. the antipode is involutory. 

A wide subgroupoid of a groupoid G is a groupoid H provided with a functor F : H —> G 
which is the identity on the objects, and induces inclusions honiH(x,y) C homa^x, y), i.e., it 
has the same base, and (perhaps) less arrows. 

Let G be a groupoid. An exact factorization of G is a pair of wide subgroupoids of G, H and 
V, such that for any a G Gi, there exist unique oy G V\, on G Hi, such that a = ajj &v- 
Following the notation of [19] and [6] we denote G as H tx V because in Theorems 2.10 and 2.15 
of |19| was proved that the notion of groupoids with an exact factorization is equivalent to the 
notion of mathched pairs of groupoids and to the notion of vacant double groupoid. 

In this example, we will prove that any groupoid G with an exact factorization H X V induces 
a non-trivial example of a weak bialgebra with a weak projection. Put B = RV and D = RG 
and define / : B — > D by f(a) = a and g : D — > B by g(r) = ry. Then, it is easy to show 
that / is an algebra-coalgebra morphism and g o / = ids- Moreover, g is a coalgebra morphism 
because er ° g = £d and 

(5 B o g)(r) = Ty (£> Ty = g{r) <g> g{r) = {{g ® g) o (5 D )(r). 

The morphism g is a right 5-module morphism, i.e. satisfies j75j), because 

r if s{r) + t(a) 

(g o no o (D ® /))(r ® o") = < 

[ (rocr)v if s(r) = t(<r) 

and, on the other hand, 

r if s(r v ) + t(a) 

([l B o (g ® B))(t ® a) = < 

\ Ty o (j if s(ry) = t(a) 

But s(ry) = s(r) and (r o cr)y = ry o cr and then we have ([75]) . 
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Finally, g does not satisfy the conditon of algebra morphism. Indeed: let a be a morphism in 
V\ different of the identities with s(a) ^ t{a) and let r a morphism in Hi in the same conditions 
of a and such that s(r) = t{a). Put uj = roa and let 7 a morphism in H\ such that 5(7) = t(r). 
For example 

V 

UJy 




Then, uoy = a, uj b = r and 

(5 £t£>)(7 ® w ) = (7 w)y =(T^0 = fi B (id s ^ <g a) = \i B ° (5(7) ® g(u)) = 

(jib o (g (g> g))(j ®uj). 

Proposition 3.4. Let (D,B,f,g) be a weak bialgebra with a weak projection and define the 
morphism 

t B ' = (t> D o(D® (As o g)) o 5d : D —> D. 
This morphism is idempotent, and moreover if : D — > : D B — > L> is the splitting of 

i^, the following diagram 

Pb 



D®B ^ D D B (78) 

is a coequalizer diagram where (3 B = (D £g {bd 4>d)) (£d ® B). 
Proof: 

To obtain that tg = (\> B o {D ® (X B o g)) o S B is idempotent compute: 
t D B°t D B 

= (p D o (D <g> (Xb 9)) {<t>D ® 4>d) 5d®b (D <8> (X B o 5)) o 5 D 

= A*D o (Quo o (U ® /)) 8(/oA B o W o(g® 5))) o (D (g) c BB <g 5)0 

(<5 D <g> {{X B ® X B ) q c B) b o <5 b )) o (D ® g) o 5 d 

= 

{D <g {fj, D o ((/ o A B ) <g (/ o X B o fi B )) o (cb,b <8> A B ) o(-B® cb,b) o {{{g®g) o <5 D ) (g #)))o 
(<5 D ®D)o5 D 

= fJ, B o (Z? <g) (/i£> o (/ (g (/ o A B o LT^)) o cb,B o (B <g) A B ) o 5b o #)) o <5 D 
= {ID ° {D ® {f o {i B o (B ® LT^) o cb,B (Ab 8> Ab) o (5b o 5)) 
= /Ub (-D <g (/ o (ic?B A rFj) o Ab o #)) o <5 D 

— r B' 

where the first equality follows by (1681) . the second one by (|6T1) and (|75]l . the third one by the 
condition of coalgebra morphism for g, the associativity of [i B and the coassociativity of 5 B , the 
fourth one by the naturality of the braiding and the condition of coalgebra morphism for g, the 
fifth one by ([59]) and the condition of algebra morphism for /. Finally, the sixth one follows by 
(|61~j) and the seventh one by id B A IT^| = id B . 

Now we want to prove that, if p 1 ^ : D — » D B , i% : D B — > D is the splitting of t^, then p^ is 
the coequalizer of 4>d and /3b- By (172)1 we know that 

fe = 0Do( J D(gnB). (79) 
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First observe that, 

t% o (j) D 

= fi D o ((p D o (D <g> /)) 8(/oA B o/j B o(j0 5))) o Sek^b 
= fj, D o (D ig) (f o fj, B o ((fj, B o(B ® Ab)) <8 A s ) 0(^(8) cb,b) o (cb,b (8> B)))o 
(((D®g) o5 D ) ® 5 B ) 

= (pD ° (D (jlB ° (B ® Ab) o cb,B o ( 5 ® 5))) O (fo ® Il£) 

= fco(D0 (A B ° Mb ° (s (8 B))) o (<5 D (8 nj), 
where the first equality follows by (|75l) and (|68l) . the second one by associativity of fi B , the 
condition of algebra morphism for / and (j60]) . the third one by the naturality of the braiding 
and the fourth one by §0$ and U B = \ B o U B (see ([59]) ). 
Now as /5b can be written as in (|79l) . we obtain: 

tg o /3 D = tg o (f> D o (D TTs) = 4> D o (D ® (A B o l i B o(g® B))) o (<5 D ® (TTj o TTj)) = *s o ^ 

and therefore p B ° (3d = P B ° <fiD- 

It just remain to prove that p B satisfies the universal property of a coequalizer. But note that 
if r : D — > H is a morphism such that ro/} = ro^ fl we have 

since, by (|75l) . / o o \ B o g = holds. The morphism roi^ is the unique that makes the 
diagram commutes as if s : D B — > if is such that s op^ = r, when we compose with i B in both 
members of the equality we obtain s = r o i^. Thus, (|78l) is a coequalizer diagram. □ 

Example 3.5. In the conditions of Example 13.31 the morphism t B of the previous result is 

ig( r ) = tot" 1 = TB- 
Then, in this case D B = RH, p B (r) = t b and i B (w) = ui. 

Proposition 3.6. Let (D,B,f,g) be a weak bialgebra with a weak projection. Then D -» D B 
is a weak -B-cocleft coextension with cleaving morphism g and left weak inverse g~ l = X B o g. 

Proof: 

From Definitions 1.8 and 2.4 of [1] recall that D is a weak -B-cocleft coextension for the weak 
entwining structure (B, D,^rr) defined in (|76]) . if (D, (/)£., dp) G M b (iPrr) and there exists 
morphisms h : D — > -B, called a cleaving morphism, and /i" 1 : D —> B such that: 

(i) /i is a morphism of right -B-modules. 

(ii) hr l A h = e RR . 

(iii) hb°{B® h~ l ) o = h^ 1 o (3 D . 

We claim that g : D — > -B is a cleaving morphism. Indeed, g is a right -B-module morphism, as 
it is a weak projection. Now define g^ 1 = Xb ° 9 and compute: 

= Mb ° ((Ab °g)®g)°8 D 
= fj, B ° (Ab <8 B) o Jb ° g 

= U^og 
= eRR-, 

hence g~ l is a left weak inverse for g. Now to obtain equality fj, B o (_B <gi /i -1 ) o 0>Bi? = ° /?D 
compute: 
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/U B o (B ® ^r 1 ) o -i/j^ 

/i B o (5 <g> Ab) o(B(g>(go i_i D o (D ® /))) o (c d ,b ® B) o ® <5 B ) 
Hb°{B ® Ab) ° (-B ® /Ub) o (cb,b <8> -B) ° (5 <8> #b) 
Mb cb,b ((Ab 5) ® (Ms (-B <g> Ab) o 5 B )) 
m cb,b ((Ab g) <8> n^) 



= Mb cb,b (Ab ® Ab) ° (5 ® n B ) 

= g' 1 o^o(d®/)o(d® TTb) 
= g- 1 o/3 D . 

Here we used that g is a morphism of right -B-modules, the naturality of the braiding, (l59)l . the 
anticomultiplicativity of the antipode and the equality 



Example 3.7. As a consequence of the previous result and by Example 13.51 we obtain that if G 
is a groupoid with exact factorization H 1x1 V , then RG -» RH is a weak -RF-cocleft coextension 
with cleaving morphism g(r) = Ty and left weak inverse <? _1 (tv) = Ty . 

Remark 3.8. Let (D,B,f,g) be a weak bialgebra with a weak projection and let D -» D B 
be the associated weak S-cocleft coextension. Then by Proposition 2.1 of [1] we know that 
(D B ,e d b,5 d b) is a coalgebra in C, where e d b : D B — > K and : D B — > Z) B (8) D B are the 
factorizations of e/j and (p B <S>p B ) 5d respectively, through the coequalizer p 1 ^. Then, as a 
consequence p^:D^ D B is a coalgebra morphism. 

The following result is the main one of this section. Here we give the weak crossed product and 
the weak crossed coproduct structure of a weak bialgebra with a weak projection. This theorem 
generalizes the results obtained for bialgebras in braided categories given by Ardizzoni, Menini 
and Stefan in [7J, and the ones by Schauenburg given in [27J. 

Theorem 3.9. If (D,B,f,g) is a weak bialgebra with a weak projection, then D is a weak 
crossed biproduct of the coalgebra D B defined in (178)1 with the algebra B. In this case the 
morphisms ip B , cr B , Xb an d T§ are gi ven by 



/on; 




(80) 



□ 



tp B ={p B ®g)°bD° HD°{f ®i B ), 

a B B = (PB ® 9) ° $D ° fJ-D ° (is ® *b) 
Xb S = (fl 1 ® Pb) °S D ° fJ-D° (is ® /), 

r B = (g ® g) o5 D o [i D o (i® (g> f ). 



(81) 
(82) 
(83) 
(84) 



Moreover, the preunit and the precounit are 



V = *DB®B or lD, V = £ D Pd b® b , 



(85) 



and the following identities hold 



5db®B A/ = (A> ® A/) #D 
r B B = ( e D B ® <^b) V D s 0B 

u = (e D s ®£b) V dScS3B . 



(86) 



(87) 



8. 
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Remark 3.10. Note that condition (1571) means that the coproduct is cosmash. If we interpret 
this result using a classical approach to the theory of weak crossed coproducts for weak bialgebras 
(i.e., dual to the one developed in [26]), we find that this morphism t b corresponds to a trivial 
cycle in the weak case. Moreover, when t^ B is as the one given in (l8"7|) . the coproduct is 
expressed as S d b^ b = (D B <g> x B ® B) o (5 b d ® 5b) V ' d b ®b- If we replace V d b 8B by id D B^ B 
we obtain the dual version of the weak smash product defined by Caenepeel and De Groot in [T5] , 
Finally, if we consider this weak corproduct in the Hopf algebra case, it becomes the classical 
cosmash coproduct. This fact is coherent with the result obtained by Schauenburg in [27] and 
by Ardizzoni, Menini and Stefan in [7J. 

Proof of Theorem [379} 

Suppose that D is a weak bialgebra with a weak projection. To obtain the weak crossed biproduct 
structure we will check that (in) of Theorem 12.31 holds. By assumption there exists an algebra 
B and morphisms / : B — > D of algebras and g : D — > B such that go f = id B - There also exists 
a coalgebra D B (given by the coequalizer ([78]) ) . a morphism i B : D B — ► D and a morphism of 
coalgebras p B : D — » D B satisfying P B °i B = id D B. 
Define: 

*£>*®B = (PB®3)ofo:D^D B ®B 

and 

Pds®b = [i D o(i D ;®f):D B ®B^D. 
Observe that p B B (glB = ° (&b ® B) and 

PD B ®B ° «Z)fl®B = *B A (/ °f) = A (/ ° n B ° SO = A ng = id D 

as a consequence of being / of bialgebras, g of coalgebras and right B-modules. Hence V B) B^ jB = 
^d s ®b ° Pd b ®b is an idempotent morphism. It also is a morphism of right -B-modules for 
4 > d b ®b = B B ®[Xb and left _D B -comodules for Pd b ®b = ^D B ®B. Indeed, to check that V D s 8B 
is a morphism of right B modules compute: 

^D B ®B ° 0D s <g>B 
= (Pb ® 5) <*D ° 013 ((0D ° (*B ® B )) ® 5 ) 
= ((Pb ° 0b) ® ° 0D)) ° O ((0 D o (ig <g) 5)) ® B) 

= ((Pb ° #d) &D®B O ((0B ° ® B)) ® 

= (Pfl ® ((ED ® 9) ° ° <M) ° ((&D °(f>D° (is ® #)) ® S ) 

= (Pfl ® (5 0b)) ° (»b ® S )) ® 5 ) 

= 4 > D B ®B ° (VflB 8 iJ ® B), 
where the first equality follows by the structure of right B-module for D B , the second one by 
(f68j) . the third one by (|78j) . the fourth one by the coassociativity of <5d and ([68]) . the fifth one by 
the counit condition and the last one by definition. 

To prove that ^ d b ®b ' IS a left B s -comodule morphism, first we need to show the equality 

(D <g> tg) o 5 D o ig = <5 D o ig (89) 

or, equivalently, 

(£> ® t£) o 5 D o tg = J D o t% (90) 

and the equality 

(pf ®0)oiD°fc° (*b ® B) = (pg ® ^b) o (((5b o ig) ® B). (91) 
The proof of J90]) follows by 
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5 D ot% 

= Hd®d ° (5d ® (5d ° / ° Ad ° 5)) $d 

= HD®D o{D® ((D <g C DyD ) o (((D ®(/oA B o gr)) o <g (/ o \ B o g)) o 5 D )) o 5 D 
= (PD ® *b) (- ® ( C 0,D (C° ® (/ X B g)) o S D ))) o 

= (md <8> (tg o tg )) o (B (8 
= (B<g)^)o<5 D o^, 

where the first equality is a consequence of (i) of Definition 12,11 the second one follows by the 
condition of coalgebra morphism for / and g as well as (joT]) . the third one by the naturality of 
the braiding and the fourth one by idempotent character of t B . 

Secondly, the equality jHJ follows by (i) of Definition 12.11 and (ITS]) because 
{Vb ® D) o S D o (j) D o (ig <g B) 
= ((Pb 0i>) ® <Ad) o (i B (8) 5) 

= ((Pb <M ® 0D) O (*b ® B ) 

= (Pb ® ® <M) (0*o »b) ® B ) 
= (Pb®<M o((Ji,oig)(8)B). 

Then, by (j9l"T) and (|89l) we obtain that ^J B B ®B ' 1S a morphism of left B s -comodules. Indeed: 

{Pd b ®b ®B)o V D B(g, B 

= (Pb ® ((Pfl ® 5) fo)) o5 D o(j) D o (»g <g 5) 

= (p§ ® ((Pb ® 5) <M) {(S D o ig) <g> B) 

= (Pb ® ((Pb ® 5) ° «5d fa>)) ((CD ® *b) 6 d »b) ® 5 ) 

= (B B <g ((pg ®9)oi D o^o (ig g> B))) o (,J d b (g B) 

= (B B (g V DBrg)B ) o p DS0B . 
Finally, it is clear that the splitting of V b b^ b * s given by the injection ij)B^ B) the projection 
Pd b ®b an d the image is the object D. Thus (iii) of Theorem 12.31 is satisfied considering to = 
w = ido, and thus D is a weak crossed product biproduct. Now by (ii) =¥■ (i) of the symmetric 
version of Theorem 11.41 

Hd b ®b = «db®b PD (pd b ®b ® Pd b ®b) (92) 

and, by duality, 

^D S ®B = (*D S ®B ® iD B ®B) °$D° Pd b ®B- ( 93 ) 

Moreover, by ([65]) 

V = i D B ®B°VD, V = ED°Pd b ®B- 

To obtain equality (|8T1) . we have to use the morphism (3 V : B —> D B <S> B given by j3 v = 
(D B (g /xb) (y <g B), because, by the symmetric version of Theorem 3.11 of p2], we have: 

^ B = li D B^ B o(f3 u ®D B ®t]b). (94) 

Moreover, the following equality holds: 

Pv = ((p B } ofoTi B -)®B)oS B . (95) 

Indeed: 

Pv 

= (Pb ® (Mb ° (5 ® #))) ((«5d »?u) ® S) 
= (Pb ® 5) (D <g mz>) ((fo Vd) <g /) 
= (Ob He) ® 5) °feo/ 
= ((pgo/ons)^B)oJ B , 
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= (Pb ®g)°SD°VD° ((/ o {Ii L B A id B )) (8) ig) 
= G?b ® 5) <$d Mo (/ <8> 
where the first equality follows by the condition of algebra morphism for / and ([95]) , the second 
one from t B o / = / o 11^ and the condition of algebra-coalgebra morphism for /, the third one 



Using this formula we obtain easily (|82l) . The proofs for ([83]) and (|84l) are dual and we leave the 
details to the reader. 

To prove j86j), first we need to the following identity for (3 V : 



the identity ([551) and the coalgebra condition of /, we have 
(i% ®B)op v 

= {(t°ofoTL L B )®B)o8 B 
= {{foTi L B oTi L B )®B)o5 B 
= ((/ o n£) ® 5) o 5 B 
= {(t% of)®B)o5 B 
= {t B ® 9) ° ° / 

and this yields ([97[) . 

Applying ([971) and (l93[) we obtain ([861) that follows by: 

= (iD B ®B ® «D s ®b) °$D° f 

= ((iDB®B /) ® («DB®B /)) <5i? 

Finally, using the definition ofp D B^ B , compute: 

T B 0% D B ®B 
= (g®g)o5 D o p DB(g)B o «b>s b 

= {g®g)o8 D 
= 5 B o g 

= (e D B (g) (5b) o i^s^B 

and, composing with P b b® b , we obtain ([871) . 

Finally the proof for ([551) is a consequence of the identity obtained for the precounit v. 




(96) 



Pv = {Pb®9)°^D° f = i-D B ®B /■ 



(97) 




(98) 



□ 
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Example 3.11. As we showed in Example l3,3l any finite groupoid G with an exact factorization 
H X3 V provides an example of a weak bialgebra with a weak projection 

(D = RG,B = RVJ,g) 

where / : RV — ► RG is defined by f(a) = a and g : RG — > RV is g{r) = ry. By Example 13.51 
we know that D B = RH and i^i^) = w > Pb( t ) = r #- Using these facts and Theorem 13.91 it is 
possible to compute the explicit form for the morphisms involved in the weak crossed biproduct 
associated to the weak projection (D = RG, B = RV, f, g). Then, 

iRH®RV ■ RG -> RH (g> RV, iRH®Rv{r) =t h ®t v , (99) 
Prh®rv:RH®RV^RG, prh®rv(u®<t) = { ° t^ltl^l > ( 10 °) 



trf$(<J®w 



uj o cr if s(a>) = t(cr) 

V rh ®rv :RH®RV^RH® RV, (101) 

if s(w) / t(a) 

a; (B> cr if s(u;) = i(cr) 

u:R^RH®RV, v{l R ) = ^ id x ® id x , (102) 
fi v : RV ^ RH ® RV, (3 u (a) = id t(a) <g a, (103) 

v:RH®RV^R, v(u ® a) = { ? ^ I"! ^ ^! , (104) 

[ lfl if s(u>) = i(cr) 

7 „ :RH®RV ^ RH, lv {u ® a) = { ° l! *H , (105) 

[a; it s(cj) = c(cr) 

:RV®RH ^RH® RV, (106) 

if s(a) ^ 

(a o lj)^ (g) (cr o if s(a) = t(u>) ' 

<rg^ :RH®RH ^ RH® RV, (107) 

if s{J) / 

u' o uj ® id a r u -\ \i s(uj') = t{uj) ' 

:RH®RV^RV® RH, (108) 

if s(w) / t(a) 

a <S)U if s(a;) = i(cr) 
T§y :RH®RV^RV® RV, (109) 
if s(u) / t(a) 

(cr o u)v <8> (<J o a;)y if s(w) = i(cr) 
^rh®rv ■ RH ® RV ® RH ® RV ^ RH ® RV, (110) 
(J>RH®rv(u' <g cr' (g> a; <g a) = 

if s(w) 7^ i(cr) or s(w) / t(a) or s(a') ^ t(u) 

{J o (cr' o cj o (g (a;' o a' o cj)y o cr if s(u>) = t(a), s(u) = t(a), s(a') = t(u) 

5 rh ®rv ■■ RH ® RV ^ RH ® RV ® RH ® RV, (111) 

if s(lo) + t(a) 

Ll> (g <7 (g liJ <g <7 if s(u) = t(a) 



8RH®RV{U ® cr) 
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The product obtained in Theorem 13.91 is an usual weak crossed biproduct together with some 
extra coditions, given by (|86l) . ([871) and ([88]) . In the following result we show that these conditions 
are also sufficient for a weak crossed biproduct to be induced by a weak projection of weak 
bialgebras. 

Theorem 3.12. Let D be a weak bialgebra in C such that is a weak crossed biproduct of a 
coalgebra C and a weak Hopf algebra B with preunit v and precounit v. Then, if this weak 
crossed biproduct satisfies 

Sc9BoPu = (J3 v (8>I3u)oSd, (112) 
tb = {e c ®8 B )oV cm , (113) 

v = {e c ®e B )oVc®B, (114) 
there exists a weak projection (D,B,f,g) for D. 

Proof: 

Let D be a weak bialgebra such that is a weak crossed biproduct of a coalgebra C and a weak 
Hopf algebra B with preunit v : K — > C(g>B, precounit v : C®B — > K and associated idempotent 
Vc®b- Let C x B the image of Vc®b and a : C x B — > D the isomorphism of algebras and 
coalgebras. Then we define the morphisms / : B — » D as / = i B and g : B — > 1? by g = ps 
where is and ps are the morphisms defined in ([63]) . that is 

/ = a op C8B o f3 u , g = (e c ® B) o i c ® B o a ~ l . 

By (iii-1) of Theorem 12.31 we know that / is an algebra morphism and g o / = ids- By t| 1 14|) we 
have 

£b ° 9 = (ec ® £b) ° sc®B ° = f *C®B a -1 = e Cx B ° a -1 = e D , 
and as a consequence £B = £B o g o f = £D°f- Moreover, by (|112p . / is comultiplicative. Indeed: 
S D ° f 

= 5/3 o a o pc® B ° Pv 

= ((" o p c ®B o (3 U ) ® (a o £> C(g)jB o /3„)) o J B 
= (/®/)°*B, 

and thus / is a coalgebra morphism. On the other hand, g is a coalgebra morphism because: 

(g(£>g)o 5 D 

= (((e c <S> B)o i c ®B) ® {{ec ® B) o ic®b)) ° 5 C xB ° a -1 

= (((ec ®B)o V c »b) ® ((ec 5)0 V C8B )) o (C ® xg ® 5) ° (fc ® Tb)° 

(5c ® B) o & c ®b ° a -1 
= (((B ec) ° xg) ® ((^ <g> ec) o xg)) o (C g> x§ ® 5) o {5 C ® r£)o 

(5c ® B) o «c®b ° a -1 
= (B <8) 5 <g> ec) o (5 (g) xs) ° (Xb ® B) o (C ® r^) o (<5 C ® B) o i ClS)B o a" 1 
= ° Vc(g.B o ic®B ° a -1 
= O ic®B ° or 1 
= {ec ® #b) ° ic®B ° a" 1 
= fe°^ 

where the first equality follows by the coalgebra morphism condition for a, the second one by 
the properties of <5cxB (see (jl6]l). the third one by (ec ® B) o Vc®b = (B <8>£c) ° Xb> the fourth 
one by (l40l) and the counit properties of ec, the fifth one by ([42]) . the sixth one by the properties 
of the idempotent Vc®b, the seventh one by fj 1 1 3[) and, finally, the eighth one by definition. 
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To finish the proof, we only need to show that g is a morphism of -B-modules. To obtain this 
last property compute: 

g o n D o (D <g> /) 
= (e c ®B)o i c ® B o /j, CxB o (a- 1 <g> (p c ®B ° Pv)) 
= (e c <8> B) o /ic^B o ((icigiB o a" 1 ) <gi 
= (e c <8> /Us) o {{{ic®B ° {{ic®B ° a -1 ) <8> v)) B) 
= (ec <8> hb) ° ((Vc®b ° «c*®s o a -1 ) ® 5) 
= {g®B), 

where the first equality follows by the condition of algebra morphism for a -1 , the second one by 
the definition of ^cxB and o (3 U = (3 V , the third one by the associativity of the product 

in B, the fourth one by by the symmetric equality of ([22]) and the fifth one by the properties of 

□ 

Acknowledgements 

The authors were supported by Xunta de Galicia (Project: PGIDT07PXB322079PR), Minis- 
ters de Education (Projects: MTM2007-62427, MTM2006-14908-CO2-01), and FEDER. 

References 

[1] J.N. Alonso Alvarez, J. M. Fernandez Vilaboa, R. Gonzalez Rodriguez, A. B. Rodriguez Raposo, Weak 
C-cleft extensions, weak entwining structures and weak Hopf algebras, J. of Algebra 284 (2005) 679-704. 

[2] J.N. Alonso Alvarez, J.M. Fernandez Vilaboa, R. Gonzalez Rodriguez, Weak Hopf algebras and weak Yang- 
Baxter operators, J. of Algebra 320 (2008) 2101-2143. 

[3] J.N. Alonso Alvarez, J.M. Fernandez Vilaboa, R. Gonzalez Rodriguez, Weak braided Hopf algebras, Indiana 
Univ. Math. J. 57 (2008) 2423-2458. 

[4] J.N. Alonso Alvarez, J. M. Fernandez Vilaboa, R. Gonzalez Rodriguez, A. B. Rodriguez Raposo, Crosssed 
products in weak contexts, Appl. Cat. Structures (2009), doi 10.1007/sl0485-008-9139-2. 

[5] N. Andruskiewitsch, S. Natale: Double categories and quantum groupoids, Publ. Mat. Urug. 10 (2005), 11-51. 

[6] N. Andruskiewitsch, S. Natale, Tensor categories attached to double groupoids, Adv. Math. 200 (2006) 
539-583. 

[7] A. Ardizzoni, C. Menini, D. Stefan, Weak projections onto a braided Hopf algebra, J. of Algebra 318 (2007) 
180-201. 

[8] Y. Bespalov, B. Drabant, Cross product bialgebras I, J. of Algebra 219 (1999) 466-505. 
[9] Y. Bespalov, B. Drabant, Cross product bialgebras II, J. Algebra 240 (2001) 445-504. 
[10] R. Blattner, S. Montgomery, Crossed products and Galois extensions of Hopf algebras, Pacific J. of Math. 
137 (1989) 37-54. 

[11] R. Blattner, M. Cohen, S. Montgomery, Crossed products and inner actions of Hopf algebras, Trans, of Amer. 

Math. Soc. 298 (1986) 671-711. 
[12] G. Bohm, F. Nill, K. Szlachanyi, Weak Hopf algebras, I: Integral theory and C* -structures, J. of Algebra 221 

(1999) 385-438. 

[13] G. Bohm, The weak theory of monads. [arXiv:0902.4192V l (2009). 

[14] T. Brzezihski, Crossed products by a coalgebra, Comm. in Algebra 25 (1997) 3551-3575. 
[15] S. Caenepeel, E. De Groot, Modules over weak entwining structures, Contemp. Math. 267 (2000) 31-54. 
[16] Y. Doi, M. Takeuchi, Cleft comodule algebras for a bialgebra, Comm. in Algebra 14 (1986) 801-817. 
[17] J.M. Fernandez Vilaboa, R. Gonzalez Rodriguez, A.B. Rodriguez Raposo, Preunits and weak crossed prod- 
ucts, J. of Pure and Applied Algebra 213 (2009) 2244-2261. 
[18] S. Lack, R. Street, The formal theory of monads II, J. of Pure Appl. Algebra 175 (2002) 243-265. 
[19] S. Mackenzie, Double Lie algebroids and second-order geometry I, Adv. in Math. 94 (1992) 180-239. 



34 



[20] S. Majid, Physics for algebrists, Non-commutative and non-cocommutative Hopf algebras by a bicrossproduct 

construction, J. of Algebra 130 (1990) 17-64. 
[21] S. Majid, More examples of bicrossproduct and double cross product of Hopf algebras, Israel J. of Math. 72 

(1990) 133-148. 

[22] S. Majid, Crossed products by braided groups and bosonization, J. of Algebra 163 (1994) 165-190. 
[23] R.K. Molnar, Semi-direct products of Hopf algebras, J. of Algebra 47 (1977) 29-51. 

[24] C. Pastro, R. Street, Weak Hopf monoids in braided monoidal categories, Algebra and Number Theory 3 
(2009) 149-207. 

[25] D.E. Radford, The structure of Hopf algebras with a projection, J. of Algebra 92 (1985) 322-347. 
[26] A.B. Rodriguez Raposo, Crossed products for weak Hopf algebras, Comm. in Algebra 37 (2009) 2274-2289. 
[27] P. Schauenburg, The structure of Hopf algebras with a weak projection, Algebras and Rep. Theory 3 (2000) 
187-211. 

[28] W.M. Singer, Extension theory for connected Hopf algebras, J. of Algebra 21 (1972) 1-16. 
[29] M. Takeuchi, Matched pairs of groups and bismash products of Hopf algebras, Comm. Algebra 9 (1981) 
841-882. 



